Abstract. Based on a microscopic model, we develop a continuum description for a suspension of microscopic self propelled particles. With this continuum description we study the role of long-range interactions in destabilizing macroscopic ordered phases that are developed by short-range interactions. Long-wavelength fluctuations can destabilize both isotropic and also symmetry broken polar phase in a suspension of dipolar particles. The instabilities in a suspension of pullers (pushers) arise from splay (bend) fluctuations. Such instabilities are not seen in a suspension of quadrupolar particles.
Introduction
Dynamics of a suspension of interacting active particles, as a non-equilibrium problem in statistical mechanics, has attracted enormous interests in recent years [1, 2, 3, 4] . Systems like schools of fishes and birds [5, 6, 7] , bacterial colonies [8, 9, 10, 11] , gels of bio-polymers [12] and interacting active Janus particles [13, 14, 15] show a wide range of fascinating physical behavior. Coherent collective motions, long-range orientational order, large number fluctuations and pattern formations are examples of such phenomena [8, 16, 17] .
Existence of long-range order in two-dimensional active systems [17, 18] seems to be in contrast with Mermin-Wagner theorem at first glance. As a result of that theorem, true order in low dimensional equilibrium systems is not possible [19] , but a theoretical work based on renormalization group analysis by Toner and Tu has revealed a physical scenario in which, non-equilibrium nature of active systems can provide conditions for true order in lower dimensions [20] . Usually, short-range interactions are responsible for developing ordered phases but the role of long-range interactions, needs to be considered carefully [21, 22, 23, 24] . In a system composed of active particles suspended in aqueous media, hydrodynamic interactions provide long-range forces that can propagate like 1/r 2 to long distances. In systems with long-range interactions, macroscopic ordered phases developed by short-range interactions are under dynamical instabilities due to long-wavelength fluctuations [25, 26, 27, 28] . Such instabilities are very sensitive to microscopic details of swimming mechanisms that can distinguish a pusher, puller or a neutral swimmer [29, 30] . Studying such instabilities is the main purpose of current article.
In addition to numerical studies [31, 32, 33] , continuum descriptions can provide analytical tools in dealing with such non-equilibrium systems. Microscopic derivations [34] and symmetry arguments [20] are two approaches that can provide the governing equations for macroscopic continuum fields. While a large amount of works are devoted to the symmetry based theories [35, 36, 37] , less efforts are concentrated on microscopic derivations [21, 38] .
In this article we aim to use a microscopic approach and obtain the equations of macroscopic description. The continuum description derived from a microscopic model in this article, will allow us to study the role of long-range interactions in instabilities observed in active suspensions. Theories based on symmetry arguments reveals qualitative features of the long-wavelength instabilities in active suspensions. Microscopic based models can help us to understand the origin of instabilities more quantitatively. We will show that both isotropic and polar phases that can appear in active systems are unstable with respect to long-wavelength fluctuations.
The structure of this article is as follows: In section 2, we present the hydrodynamic details of our microscopic model and introduce long-and short-range interactions between swimmers. Then in section 3, we describe the dynamics of a suspension of many swimmers in terms of Langevin and Smoluchowski descriptions. Furthermore, in this section, we simplify the description by considering mean field approximation. In section 4, we derive a continuum description for the system. Dynamical equations, their steady state solutions and instability analysis are presented in this section. Finally, discussion and summary are presented in section 5.
Hydrodynamic model for micro-swimmers
We start with a microscopic model for a minimal autonomous micro-swimmer that can propel itself at aqueous media. Theoretical arguments based on symmetry grounds show that a minimum number of two internal degrees of freedom is necessary to capture the hydrodynamic details of a micro-swimmer [39] . To construct the model swimmer, consider three spheres with radii a, connected linearly by two arms with variable lengths given by L f and L b . We label the spheres by f (front), b (back) and m (middle). It is shown that harmonic changes in the arm lengths with a phase lag between arms, will result a non zero swimming velocity for this system [40, 41] . To see how the above swimmer can work, one needs to solve the hydrodynamic equations for the ambient fluid that are coupled to the motion of spheres. At the scale of micrometer with velocity range about micrometer per second in water, the linear Stokes equation governs the dynamics of the fluid. Assuming that the arms are thin enough to neglect their hydrodynamic effects and eliminating the fluid degrees of freedom, one can reach to effective equations that govern the dynamics of spheres alone. Such equations are linear relations between the velocity of spheres and hydrodynamic forces acting by spheres on the fluid [42] :
where f n j (v n j ) denotes the j-th component of the force (velocity) of sphere n and the details of the hydrodynamic interactions are given by the kernel O mn ij . This hydrodynamic kernel is a function of the size of spheres and their relative position. Denoting the distance between spheres m and n by d = x m − x n and fluid viscosity by η and in the limit of d ≫ a, Oseen's tensor provides an approximation for the hydrodynamic kernel [42] :
As the swimmer is autonomous, one needs to add the conditions of zero total force and zero total torque to the above dynamical equations. The above relations and the constraints that prescribe the dynamics of arm lengths provide a complete set of dynamical equations that can fully determine the state of the swimmer, including its speed, direction and forces. Velocities and forces averaged over time, are the quantities that we are interested to know. To express the results, let us assume that the arms oscillate around a mean value ℓ as: Figure 1 . Velocity field of a puller (left) and a pusher (right). In both cases, the swimmer moves upward, along the bolded arrow. Velocity filed decreases as 1/r 2 .
where u f and u b are periodic functions of time and δ is a parameter that makes the swimmer geometrically asymmetric. After solving the above equations, the average swimming velocities (linear and angular) and forces acting on the fluid read as [41] :
where
( a ℓ 2 )(1 − δ)Φ andt represents the direction of the swimmer and Φ = u fub with . . . shows the averaging over time. Additionally
In writing the above results, we have assumed that a ≪ ℓ, u f ≪ ℓ, u b ≪ ℓ and δ ≪ 1. Throughout this paper we choose Φ < 0, so that v 0 > 0.
When considering the force distribution of a swimmer, the asymmetry parameter δ plays an essential role. For a symmetric swimmer (δ = 0), the force distribution shows a quadrupolar field while for asymmetric case (δ = 0) it shows a dipolar filed [43] . Defining the force dipole tensor as: Γ ij = m x m i f m j , we can calculate it as:
where f 0 = 30 7 πη a v 0 . Based on the observation that how the driving force of the motion is located at the head or at the tail of the swimmer, we can divide the dipolar swimmers to two categories of pushers and pullers. For pushers, the driving force comes from the tail while for pullers, the driving force comes from the head. In asymmetric three-sphere swimmer with Φ < 0, δ > 0 corresponds to a puller (Γ tt < 0) and δ < 0 results a pusher (Γ tt > 0). For a puller (pusher), back (front) arm of the swimmer is longer than the front (back) arm. Figure 1 , shows the flow filed pattern for both pusher and puller. There is a fundamental difference between the flow patterns for pushers and pullers. At the next parts we will see that the hydrodynamic interaction between the swimmers will crucially depend on the sign of δ.
Long-range interactions
Since we want to consider a suspension of micro-swimmers, we need to calculate the hydrodynamic interactions between them. The above model of micro-swimmer allows us to obtain analytic formula for the interactions. The details of such calculations are similar to the case of a single swimmer and have been studied in details elsewhere [44, 45] . Here we only present the final results. Consider two swimmers located at positions r and r ′ with orientations given byt andt ′ . Taking into account the hydrodynamic longrange interactions between the swimmers, the linear and angular velocities of the first swimmer averaged over the oscillations of both swimmers read as:
where R = r − r ′ and superscript L denotes long-range interaction. The coefficients are given by:
Regarding the above results for interaction, the terms proportional to a 1 and a 4 represent the dipolar contributions and the other terms show the quadrupolar contributions. Vectors G 1 , · · · , G 6 are complex functions of relative displacement and orientation of the swimmers and are given by:
where summation over repeated indices is assumed and:
where we have used the short hand notation: ∂ i = ∂/∂R i . To obtain the above hydrodynamic interactions we have assumed that the swimmers are very far, R ≫ ℓ, and we have also averaged over the internal motion of the swimmers. As it is seen from equations (7) and (8), the first non-zero terms in the hydrodynamic interaction, the terms that are proportional to ( ℓ R ) 2 in linear velocity and ( ℓ R ) 3 in rotational velocity, are proportional to δ. This is the contribution from dipolar filed of the asymmetric swimmers. Such contribution changes sign for pushers and pullers [46, 47, 48] .
Rich dynamical behavior that includes coherent motion in two interacting swimmers suggests to see interesting phases in a system with many interacting swimmers [45, 49] . At next sections we will see how thermodynamic behavior of a suspension of microswimmers depends on the nature of two particle interactions.
Short-range interactions
As one can see from equations (7) and (8), the long-range hydrodynamic interactions that we have obtained are valid only at large distances, they diverge at short distances. Due to the complexity of hydrodynamics at short distances, it is not possible to obtain simple analytic results for short-range part of the interactions. We can use an approximate phenomenological model that takes into account the short-range part of the interactions. Inspired by the well known Vicseck's model [32] , we consider a short-range interaction potential as:
where ℓ c is a crossover length-scale that separates short-and long-range interactions. We will assume that long-range hydrodynamic interactions act only for swimmers having distance larger than ℓ c . As seen from figure 2, the above potential tends to align nearby particles. The crossover length ℓ c has the same order of magnitude as the linear dimension of swimmers given by 2ℓ. It should be mentioned that the above interaction does not consider all informations of the short-range interactions in real systems, this model only takes into account the steric interaction between the nearby swimmers. In terms of the potential energy, the short-range velocities can be written as:
where ∇ and ∇ R ≡t × ∂/∂t are translational and rotational gradient operators.
In above equations, D is the translational diffusion tensor of a micro-swimmer and for a swimmer with elongated geometry we can decompose it to its parallel, D , and perpendicular, D ⊥ , components:
and D R is the rotational diffusion coefficient. Through hydrodynamic calculations, we can calculate the translational and rotational diffusion coefficients [50, 51] . Details of such calculations are presented in Appendix A. The final results are:
3. Dynamics of a suspension
Langevin Dynamics
Let us consider a dilute suspension of N micro-swimmers moving in a three-dimensional fluid medium with temperature T . To describe the dynamics of the suspension, we can start with Langevin description for each micro-swimmer as:
where r α denotes the position vector for the hydrodynamic center of α'th swimmer (α = 1, . . . , N ) andt α for its director. Hydrodynamic center is defined in appendix.
In above relation the summation is over all other swimmers (β = α). V int and Ω int are interaction contributions to the translational and rotational velocities of swimmers.
We consider two types of interactions between the swimmers: a short-range alignment interaction and a long-range one that is due to the fluid-mediated interactions between the swimmers. So V int and Ω int contain two terms:
where in the last section we have obtained the long-and short-range part of the interaction. η T α (t) and η R α (t) are stochastic terms due to the random forces which swimmer α receives from the molecules of the ambient fluid. The random forces obey the statistics of a Gaussian noise as:
Statistical description
In order to have a probabilistic description for a suspension composed of N particles, we denote the N -body probability distribution function by:
The distribution function is the probability to find the α'th swimmer at position r α with orientation given byt α at time t. This distribution function obeys the following normalization condition:
and it satisfies the following continuity equation:
where J T N and J R N are translational and rotational N -body fluxes. At very low volume fraction of swimmers where, the distance between the swimmers is larger than the size of swimmers, we can treat the system in the mean field level. In this case the N -body distribution function can be given in terms of single particle distribution function as:
Using this assumption, the single particle distribution function, ψ r,t, t , obeys the following Smoluchowski equation:
where J T and J R are translational and rotational one-body fluxes and are given by:
Mean field translational and rotational velocities are denoted by V int and Ω int . These mean field terms should be calculated by integrating over the positions and orientations of all swimmers as:
In order to study the dynamics of an active system composed of interacting particles, we proceed and consider the dynamics of moments of distribution function. Density field ρ(r, t), polarization P(r, t) and nematic order parameter N(r, t) are the first three moments of the distribution function that are defined as:
ρ(r, t)P(r, t) = dtt ψ(r,t, t),
Using equation (33), we can obtain equations that govern the dynamics of above continuum fields. As a result of such equations we see that the dynamics of n'th moment is coupled to the dynamics of (n − 1)'th moment. So we need to cut the hierarchy at some point. As an approximation, we neglect the third (and higher) moment and cut the equations at second moment. In this case and in terms of density, polarization and nematic order, the distribution function can be constructed as:
Mean field interactions
Before deriving the dynamical equations for continuum fields, we need to calculate the mean field form of interaction terms. As discussed before, the interaction between swimmers has two contributions, short-and long-range parts as:
To obtain the short-range contribution we need to insert the two-body interactions from equations (18) and (19) into equations (36) and (37) then, calculate the integrations. To obtain the final results, the following integral should be performed:
Now, as the interaction is short-range, we can expand ψ(r ′ ,t ′ , t) as:
the leading order terms will read as:
Now the short-range contributions will read as:
Long-range contributions can also be obtained by inserting (7) and (8) into equations (36) and (37) . In terms of their components, the mean field long-range interactions can be written as:
where summation over repeated indices is assumed and the coefficients are given by:
Functions T 1 , · · · , T 6 appeared in (47) and (48) are functions of position and their detailed structures are given by:
In next sections, we will use the above results and study the dynamics of a suspension in the continuum limit.
Continuum description
Now we can calculate the dynamical equations for the hydrodynamic continuum fields. Starting from equation (33), multiplying both sides by powers oft and integrating over solid angle spanned byt, we can obtain the equations that govern the dynamics of density, polarization and nematic order parameter. Results of such calculations can be written as:
As one can see, in addition to the diffusion and swimmer's activity terms, the terms proportional to v 0 , there are contributions from interactions. Contributions from longrange and short-range interactions are collected in terms that are denoted by superscripts L and S respectively (ρ L ,ρ S and etc.). To keep the continuity of text, we put these interaction terms in Appendix B. Effective diffusion coefficients appeared in the above equations are defined as:
Steady state solutions
Here we seek for steady state uniform solutions of the above dynamical equations for continuum fields. Terms corresponding to long-range interactions and swimmer's activity, do not contribute in the uniform steady state solutions. Steady states are solutions to the following equations:
As a result of the above equations, we realize that there are two different homogenous steady state phases in our system. The first phase, denoted by phase I, is an isotropic phase and defined by:
In this phase, all swimmers are distributed uniformly in the fluid and move randomly without any preferred direction. Increasing the density, we see that beyond a critical density ρ 0 > ρ c = 9/(4πℓ 3 c U 0 ), a homogeneous polarized state appears. This phase is denoted by phase P and defined by:
In this polarized phase, swimmers are distributed uniformly and move in a preferred direction. Steady state polarization and nematic order parameter in the polar phase are given by:
wheren denotes the direction of broken symmetry. consequence of the short-range (alignment) interaction between the swimmers. As it is apparent from the equations, long-range interactions alone, are not able to induce any ordered state in bulk [21] . It is shown very recently that short-range hydrodynamic interactions in symmetric squirmers are also able to induce a polar state [52] .
Stability of Isotropic state
In addition to existence of steady state phases, their stability is important to analyze. Thermal or non-thermal fluctuations can destabilize the above steady state phases. In this section, we study the stability of the steady state solutions.
To study the stability of isotropic phase, we add small fluctuations to the corresponding fields of the isotropic state and investigate their dynamics:
N(r, t) = 0 + δN(r, t).
Using the dynamical equations obtained in the above section, we can obtain the evolution equations of these fluctuating fields. To linearize the equations, we introduce spatial Fourier transformation as:
In Appendix B, we have shown how a typical term in the dynamical equation can be linearized. Repeating the same procedure for all other terms, we can arrive at the following equations that describe the linearized dynamics of the fluctuations around the isotropic phase:
and
These coupled equations, govern the dynamics of fluctuations. As the analysis of above coupled equations is not simple, we can use different approximations to understand physical mechanisms of possible instabilities.
As a first approximation and at times longer than time scale of rotational diffusion (t ≫ D −1 R ), we can neglect the dynamics of δP i and δŇ ij in equations (72) and (73). Solving the simplified equations for polarization and nematic fluctuations (∂ t δP i = ∂ t δŇ ij → 0), we can substitute them in equation (71) and keep leading order powers of wave vector k. This will result an effective diffusion equation for density fluctuations as:
where the effective diffusion constant is given by:
Since in the isotropic phase ℓ 3 c ρ 0 U 0 < 9/4π, the above effective diffusion coefficient is always positive and it is greater than diffusion coefficient of a brownian self-propelled rod, D 1 + v 2 0 /6D R [53] . As a result of positivity of D ef f , density fluctuations damp and the isotropic state is stable if we neglect polarization and nematic fluctuations.
It is a well known fact that for an active brownian particle, orientational fluctuations increase the translational diffusion by a term proportional to v 2 0 /D R , but what is new here is the effect of hydrodynamic interactions. In the above result, the second term in bracket, (8π/35)ρ 0 ℓ 3 , which is due to hydrodynamic interaction, shows that the hydrodynamic interaction speeds up the diffusion process. The increase in diffusion due to the hydrodynamic interaction is proportional to the density of swimmers and also the size of an individual swimmer.
To have more insights on the fluctuations in the isotropic phase, we study the dispersion relation for hydrodynamic modes in the system. In this case, we do not base our approximation on neglecting the dynamics of polarization and nematic order parameter from above coupled equations. It is apparent from equations (72) and (73) that the nematic fluctuations are coupled to density fluctuations in higher powers of wave vector. We are interested in the long-wavelength fluctuations so, as an another approximation we may discard nematic fluctuations (δŇ ij → 0) and consider only the coupled dynamics of density and polarization fluctuations. Assuming a time dependent form for the fluctuations as:
we can study their coupled dynamics and obtain a dispersion relation like χ = χ(k). Up to the leading orders of k, dispersion relations read: where D 5 = 1/5 (3D + 2D ⊥ ). As we expected from previous discussion, for ℓ 3 c ρ 0 U 0 < 9/4π, both χ + and χ − are negative, reflecting the fact that the isotropic phase is always stable. It should be also noted that albeit the two modes have always negative real values, but if the self-propulsion speed of the swimmers is greater than a threshold value, they will have an imaginary part. As a result of this imaginary part, fluctuations of density and polarization will decay with a propagating mechanism and propagating sound waves will appear in the system [54] . In terms of Péclet number P e = (v 0 ℓ)/D and dimensionless wave vector kℓ, figure 4 , shows the regions where these waves can propagate. For an intermediate kℓ, density waves appear at larger P e. As seen in figure  4 (left), taking into account only long-range part of the interactions, increasing the density will decrease the threshold P e above which propagating waves appear. Taking into account both long-and short-range interactions in figure 4 (right), we see that smaller densities of swimmers have a wider region for density waves. Interestingly, all these results are valid for both pushers and pullers.
Above approximations show that density and polarization fluctuations are not able to induce any instability in the isotropic phase. To see how the nematic fluctuations can provide mechanism for instability, we can study its dynamics separately. Arranging the right hand side of equation (73) in powers of k, we can study the nematic fluctuations at long-wavelength limit. Keeping the leading order term, we find that the nematic fluctuations are decoupled from density and polarization as:
where nematic fluctuations are decomposed into their splay, δN s =k · δŇ ·k, and bend δN b =k · δŇ · I −kk components. Coefficient b 1 is proportional to the asymmetry parameter δ and for pullers (pushers) it is positive (negative). This shows that, if the density of swimmers is greater than a value given by ρ ins ∝ D R /|b 1 |, splay (bend) perturbations in nematic tensor can destabilize an isotropic suspension of pullers (pushers). Such resolution in the instability of pushers and pullers will be seen at the next section.
Stability of Polar state
To study the stability of polar phase, we assume that the density of swimmers is larger than ρ c , so that the polarized phase has been established. Then we study the dynamics of fluctuations around the polarized state. Denoting byn, the direction of polarization, we suppose that the order parameter has a constant value but its direction fluctuates. In this case, hydrodynamic fields can be written as:
Where we have assumedn =n 0 + δn, withn 0 is the average direction of polarization in system. Furthermore for small fluctuations we haven 0 · δn = 0. Using the above definitions, we can linearize equations (56) and (57) and obtain evolution equations for density and director fluctuations. Since we are doing our calculations in the Fourier space, the angle between wave vector k and directorn 0 will emerge in the linearized equations. To simplify the analysis, we decompose the fluctuations into bend and splay distortions. Splay distortion is a fluctuation with ∇ · P = 0 (∇ · δn = 0) and for bend fluctuations P × (∇ × P) = 0 (∇ × δn = 0). Decomposing the wave vector k into its parallel and perpendicular components as: k = (k ·n 0 )n 0 + k ⊥ , we can see that for bend (splay) fluctuations only the parallel (perpendicular) component of the wave vector contributes. These two modes of fluctuations are independent and this allows us to study them separately. To study the bend fluctuations, we can set k = kn 0 and study the dynamics of fluctuations. Using a linearization procedure similar to what we have used at previous section and keeping terms up to second order of wave vector, we can arrive at the following equations for bend fluctuations:
where the imaginary and real parts are given by:
with D 6 = 1/3 (7D + 8D ⊥ ). As it is seen from the above equations, fluctuations of density and polarization are decoupled for the case of bend distortions. Both of modes show that sound-like density waves can propagate in the system; regions with dense ordered population of particles propagating in a disordered background. Propagation of these waves is a signature of Vicsek-type flocking models [33, 17] .
To analyze the stability of polar state against bend fluctuations, let us consider two cases, first: without hydrodynamic interactions and second: with hydrodynamic interactions. The terms proportional to b i in the above equations, originate from longrange hydrodynamic interactions. In the absence of hydrodynamic interactions where b i = 0, real parts in both of the above equations are of order k 2 , revealing the diffusing nature of the fluctuations. Moreover, under these conditions density fluctuations are damped for ℓ Taking into account both short-and long-range interactions and in the limit of longwavelength fluctuations (k → 0), the terms that are proportional to b 1 in (85) and (87), are the most important terms that determine the instability criterion. Recalling the fact that b 1 ∝ δ, we see that for pullers (δ > 0) density and director fluctuations diminish, but they diverge for pushers (δ < 0). The growth of bend fluctuations destabilizes any polar order in a suspension of pushers [36] .
To study the role of splay fluctuations, we set k = k ⊥ = kn ⊥ , withn ⊥ ·n 0 = 0. For splay distortions, fluctuations of density and director are always coupled to each other and they obey the following equations:
with D 7 = 1/3 (4D + 11D ⊥ ) and δň s =n ⊥ · δň. By calculating eigenvalues of matrix H, we will obtain two dispersion relations for the fluctuation spectrum. In the absence of hydrodynamic interactions, the spectrum of fluctuation has a simpler form:
Real part of this relation is negative for ℓ 3 c ρ 0 U 0 < 0.9, reflecting the fact that in the absence of hydrodynamic interactions, splay fluctuations will decay to zero when 9/4π < ℓ 3 c ρ 0 U 0 < 0.9, (dashed region in figure 3 ). But for ℓ 3 c ρ 0 U 0 > 0.9, above the red dashed line in figure 3 , splay fluctuations diverge, hence make the polarized state unstable.
If we consider the contributions from hydrodynamic interactions and in longwavelength limit, the dispersion relations for the splay fluctuations read as:
As for the bend fluctuations, the sign of b 1 ∝ δ determines the criterion for instability. 
Summary and Discussion
In this article, we have started from a microscopic model for a hydrodynamic microswimmer and have derived its average dynamical characteristics such as velocity and force distribution. The swimmer that we have started with, is able to model both pushers and pullers. We have shown that a set of analytical expressions can be obtained for the long-range interactions between two swimmers. Extending the system to a three dimensional dilute suspension of swimmers and considering two body interaction between swimmers, we have developed a continuum description that can capture thermodynamic properties of the suspension. Furthermore, we assumed that in addition to long-range interactions, there is a short-range interaction that can align the nearby swimmers.
What we aimed in this article was to investigate the role of interactions in longwavelength instabilities of the suspension. Isotropic phase and a symmetry broken polar phase, are two possible thermodynamic phases of the system. Depending on the density of swimmers, at low density of swimmers, the system is in isotropic phase and increasing the density will lead the system to a polar phase. In a system with hydrodynamic interactions, both of the above phases are unstable with respect to longwavelength fluctuations. It is the long-range interaction that initiates the instability in an interacting suspension. Our results are compatible with the well known results of phenomenological models that state the origin of instability. Decomposing the nematic distortions into bend and splay fluctuations, we show that for a suspension of pushers, bend fluctuations mediate the instability and for a suspension of pullers it is the splay fluctuation that initiates the instability. Intuitional arguments can help to have more insights on the instability of polar phase. Figure 5 (left), shows a regular collection of pushers with polar order. A small bend fluctuation is introduced to this collection by distorting the director of five selected swimmers. For a regular system, fluid velocity due to the other swimmers averages to zero at the position of each swimmer, but for the distorted case shown in this figure, fluid velocity has nonzero value at the position of distorted swimmers. As shown by large arrows, the velocity streamlines at the position of distorted swimmers are in the direction that tend to increase the initial distortions and destroy the initial regular state. Figure 5 (right), shows the case for pullers with a small splay fluctuation. For pullers, by applying a small splay fluctuation, the system will tend to increase it and destroy the polar order.
Another interesting feature in active nematic is the appearance of bands in polar state. In symmetry broken polar phase, density waves will appear. Imaginary parts appeared in equations (86), (88) and (95), reflect this fact. Interestingly, in the case of splay fluctuations, a single group velocity for these traveling waves is seen. Finally, we should mention that all instabilities arized from hydrodynamic interactions, are for dipolar swimmers. For a collection of neutral swimmers with quadrupolar force distributions, the terms proportional to b 1 in equations (47) and (48) do not contribute and all ordered phases are stable with respect to long-wavelength fluctuations.
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Appendix A. Hydrodynamic center and diffusion coefficients for a rigid swimmer
Here we want to show how the hydrodynamic center and diffusion coefficients for a swimmer can be calculated. Let us consider a rigid swimmer composed of three spheres with equal radii a, linked linearly by two negligible diameter linkers. Labeling spheres by f , m and b, the front linkage has a length given by L f = ℓ and the back linkage has a length given by L b = ℓ(1 + δ). Hydrodynamic center for this rigid system is a point around which the translational motion is independent from the rotational motion. As a result of symmetry, for our linear three linked spheres, the hydrodynamic center lies somewhere on the longer linkage with a distance x from the middle sphere. Hydrodynamic center is a geometrical concept and it is independent from dynamics, but we can benefit any dynamical problem to calculate it. Let us consider a dynamical problem that as a result of an external force, the hydrodynamic center moves linearly without any net rotation. With respect to hydrodynamic center, total torque should vanish: xf Figure A1 . In an asymmetric three-sphere swimmer, hydrodynamic center is located at a distance x from the middle sphere.
Having in hand the position of hydrodynamic center, we can calculate the translational and rotational diffusion coefficients. To obtain the translational diffusion coefficients, let us apply an external force f T to the system and calculate the linear velocity v T that the system will acquire. Then the translational diffusion matrix D is defined by:
To calculate D, one should note that in addition to force-velocity relations, constraints of total force
Solving these equations, we will have:
In terms of its parallel and perpendicular components, the diffusion coefficients are given by:
To calculate the rotational diffusion coefficient, we apply an external torque τ around the hydrodynamic center, then the system will rotate with angular velocity Ω around that center with no translation for hydrodynamic center. Rotational diffusion can be calculated as:
In this case, in addition to the linear force-velocity relations given by Oseen's tensor, we must consider the torque equation
Solving all these equations simultaneously, the final result reads as:
Appendix B. Details of interaction terms
In this appendix we give the details of interaction contributions introduced in equations (56), (57) and (58). Interaction contributions to the dynamics of density, polarization and nematic order parameter read as: 
In sections 4.2 and 4.3 where, we studied the linear stability of isotropic and polar phases we needed to linearize the interaction contributions. Here we briefly present the details of such calculations for a typical term. Let us consider the first term ofρ L in density equation (B.1). We have:
where R = r − r ′ . Now we can substitute isotropic values of ρ and N from (67) and (69) To proceed further, we need to calculate the Fourier transform of W ijk . As a result of symmetry, the following general expression forW ijk can be written: Multiplying the above two equations byk ikjkk ,k i δ jk ,k j δ ik andk k δ ij respectively, we will obtain the following four equations for unknown functions: By evaluating the integrals, we can obtain the following result forW ijk :
With a similar procedure, all other interaction integrals can be calculated.
